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Abstract The intermediate representation (namely intermediate coordinate-momentum
representation) |x), , are introduced and employed to research the expression of the op-
erator 7 p + o' in intermediate representation |x); ,. The systematic Hamilton operator H
of 3D cross coupling quantum harmonic oscillator was diagonalized by virtue of quadratic
form theory. The quantity of X, v, rand o were figured out. The dynamic problems of 3D
cross coupling quantum harmonic oscillator are researched by virtue of intermediate repre-
sentation. The energy eigen-value and eigenwave function of 3D cross coupling quantum
harmonic oscillator were obtained in intermediate representation. The importance of inter-
mediate representation was discussed. The results show that the Radon transformation of
Wigner operator is just the projectional operator |x); ,, (x|, and the Radon transformation
of Wigner function is just a margin distribution.

Keywords Intermediate representation - Quadratic form

1 Introduction

Much interest has been paid to the dynamic problems of coupling harmonic oscillator in
quantum mechanics, quantum optics, molecule spectrum and mesoscopic coupling circuit
quantization. Zeng [1] studied on coordinate coupling double harmonic oscillators by per-
turbation theory and coordinate transformation. Ji and Lei [2] studied on diagonalization
of Hamiltonian for three harmonically coupling non-identical oscillators, and [3] gave the
exact solution for non-identical n modes coupling harmonic oscillators. These researches
are about coordinate coupling, and not related with momentum coupling. In [4-12] we only
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investigated 2D double coupling, respectively. In fact, lots of practical physics problems are
equivalent to system of coordinate and momentum cross coupling 3D harmonic oscillators.
The authors of [13-16] had studied representation widely. But the dynamics of cross cou-
pling 3D harmonic oscillators in intermediate representation has not been published yet.
In this paper, the intermediate representation |x); , is employed to study dynamics of cross
coupling 3D harmonic oscillators. The systematic Hamilton operator H was diagonalized by
virtue of quadratic form theory. The quantity of A, v, T and o were figured out. The energy
eigen-value and eigenwave function of 3D cross coupling quantum harmonic oscillator were
obtained in intermediate representation. The results show that the Radon transformation of
Wigner operator is just the projectional operator |x); ., (x|, and the Radon transformation
of Wigner function is just a margin distribution.

2 Expression of the P = (z p + o x) in Intermediate Representation |x), ,

The |x);., denotes eigenvector of operator X=05+vp),
AX +vp)Ix)iw = x[x)0- 1
In Fock space |x), , can be expressed as [17]
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which is an orthogonal and self-contained intermediate representation.
The operator (Ax + vp) and P = (tp + ox) satisfy the following commutation rela-
tion [17]

[(Ax +vp), (tp+0x)]= (AT —vo)[x, p] = (AT — vo)ih. 3)
If (.t — vo) =1, the operator (AX 4+ vp) and (t p + o X) are a couple conjugate operators
2 (XX +vPp) = x5 0 (x]. 4

Using the following relations [7]

xx'1 A
(x| X)) = Quhv) /2 exp(—l — Eﬁxz), (5)

we can obtain
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and comparing (6) and (7), we obtain
5 R . L0 T
aw{x [P =s,xl(tp+ox) = (—lﬁ— + —x>x,v(x|.
ax v

According to the virtue of Unitary transformation,
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Obviously, the expression of operator (AX + v p) is fixedness in intermediate representation
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But the change of operator (t p + o X) is

N a 2 st A st 3
P=(rﬁ+m€)=—iha—+3x—> & = elnrt’ pering = —ihi=—. (11)
X

X v

3 The Energy Eigenvalue and Characteristic Function of 3D Cross Coupling
Quantum Harmonic Oscillator

The systematic Hamilton operator of 3D cross coupling quantum harmonic oscillator is

~) )
P1 P2 P3 242 20, 1 242
—— 4+ —— 4+ —mwiX; + —mowsrx; + —miwsx
2m, 2m,  2ms 211122222333

+yi(R1p1 + PriXD) + v2 (X2 P2 + Paxa) + v3(X3P3 + p3ks),

(12)

where yy, ¥, and y3 denote coupling intensity of each directional coordinate and momentum,
respectively. Equation (12) is a quadratic form, which can be written as the following matrix

form
H=x"Ax,
where
N ﬁ 0 0 L 0 0
pl 1 1 mjwi ”
P> 0w 00 s f
A~ 3
X = P3 A= 0 0 2m3 0 0 m3w3
miw) X, 1L 0 0 — 0 0
R miw] 2m
Moy X Y2 L
mgw:")fe‘; mywy 0 0 2my 0
: V3 1
0 o O 0 55
Matrix A is the matrix of quadratic form, and its characteristic equation is
i — A 0 0 4 0 0
mi mjwi C1
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The secular equation can be written as
1 i
5y — A 0 0 o 0 0
1 2
0 Ty 0 0 ey 0
1 V3
0 0 2m3 . 0 0 miw3 =0. (15)
il 1 _
mior 0 0 A 0 0
¥ 1 _
0 s 0 0 G 0
3 1
0 0 v 0 0 oy — A

From (14) and (15), we can derive six latent roots and corresponding orthogonal and nor-

malized eigenvectors.
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By constructing unitary matrix S = (gl gz 53
formations y = S’, namely

i 1
b a0 0y
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miw X —% 0 0 %2
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(13) will become

where

m3w3 X3

00 -1 0 0, (16)
1 00 -1 0, (17)
0100 -1, (18)
00 1 0 0), (19)
1 00 1 07, (20)
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T 0 0 0 0 0
0 o — 2 0 0 0 0
my mowy
0 0 o — L 0 0 0
A= ms3 m3ws
0 0 0 S 0 0
0 0 0 0 =+ L 0
my mywy
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According to (23), we obtain
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Hereto, we have diagonalized Hamilton operator H by virtue of quadratic form theory, and
figured out the quantity of A, v, T and o

1 1
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By Unitary transformation of (24), we derive
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By operating H’ on intermediate representation ]_[?:l 1Gi )2 v
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we can immediately know its eigenvalue spectrum and eigenwave function

3
1
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where «; =/ ¥ In coordinate representation eigenwave function is
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Substituting (29) into (5) and (34) into (33), respectively, we have
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and we have used the formula H,(§) = dt” exp(2§t —19)],=0.
The front three F},, (x;) have forms as follows
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2.2
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When y; = y, = y3 =0, we have
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which are consistent with results of 3D non-coupling anisotropy harmonic oscillator.

4 Discussion

Using Weyl correspondence we derive projection operator

1) 5 02,0 (X] :/ / dx'dp'8(x — Ax" —vpH AKX, p). (37)

We can see that the Radon transforms of Wigner operator is projection operator [x); ., (x|,
so it is necessary to introduce eigenstate |x); , of (AX + vp). We can obtain the mean value
of state vector |¥) as follows

(W), P = f / dx'dp'(x — 2x' — vp )W (X', p) (38)

where W (x', p') = (V|A|W¥) is Wigner function. It is shown that the Radon transforms of
Wigner function denote a distribution probability, named marginal distribution. On the other
hand, from (1) and completeness relation of |x); ,, we obtain

(o8]

exp[—ig(Ax +vp)] = /

—00
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Considering as a Fourier transform, so its inverse transform is

1 oo

0 T
A(x, p) = i dx// dg'lgI/ delx")i i (x|
—o0 —00 0
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x
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Equation (38) shows that the Wigner function can be calculated by a marginal distri-
bution, namely Tomography technology [18]. Substituting the Weyl ordering form of the
Wigner operator [19] A(x, p) =:: 8(p — p)d(x — X) :: into (37), we obtain

where g/ = g(A%2 +v?),cosp =

[X)wnw(x] =280 —AX —vp) . (41)
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